ABSTRACT. We compute Betti numbers of both the components of the moduli space of rank 2 semi-stable torsion-free sheaves with fixed determinant over a reducible nodal curve with two smooth components intersecting at a node. We also compute the intersection Betti numbers of the moduli space.
INTRODUCTION
Let Y be a smooth irreducible projective curve over C degenerating to a reducible nodal curve X with two smooth components meeting transversally at one point and L be a line bundle of odd degree on Y specializing to a line bundle ξ on X . Then the moduli space M L of stable vector bundles of rank two and determinant L specializes to the moduli space M ξ of stable torsion-free sheaves on X of rank two and determinant ξ [8, Remark 7.1, 7.2] . It is known that M L is a smooth irreducible projective variety. The 'limiting' moduli space M ξ , though, is neither smooth nor irreducible but has two smooth components M 12 and M 21 , intersecting transversally along a smooth divisor N [11, Proposition 6.5].
The topological invariants of M L have been quite well studied and its Poincaré Polynomial has been computed by many authors using different techniques [1] , [5] , [6] . It is natural to investigate similar topological invariants of M ξ . Recently, it has been shown that the irreducible components M 12 and M 21 of M ξ are rational varieties (cf. [4] ). In particular, they are unirational and hence by a result of Serre [9] they are simply connected. The first three Betti numbers of each component have been computed in [11, Theorem 3.9] by using topological techniques. In this paper, we find all the Betti numbers of both the components (see §4). We follow Harder-Narasimhan method [6] which is based on Weil conjectures that tell us that for any smooth complex projective variety V defined over a number ring, the number of F q n rational points of the corresponding variety V over F q n determines the Betti numbers of V . In order to compute rational points of M 12 and M 21 , we use their description in terms of triples [8] and the stratification obtained in [3] . The idea of proof is based on [3] , where the authors compute the Betti numbers for Seshadri desingularization of the moduli space of rank 2 semi-stable vector bundles with trivial determinant over a smooth complex projective curve.
Since the components M 12 and M 21 of M ξ intersect transversally along a smooth divisor N , the normalization M ξ is isomorphic to M 12 ⊔ M 21 . Using this fact and a result of §4.2] we compute the intersection Poincaré polynomial of M ξ (see Theorem 5.1).
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2. PRELIMINARIES 2.1. A Brief Description of the Nagaraj-Seshadri Moduli Space. In this section, we shall briefly recall some of the results proved in [8] which will be useful in later sections. Let X be a reducible projective nodal curve defined over an algebraically closed field with two smooth irreducible components X 1 and X 2 meeting at the nodal point p. Any torsion-free sheaf E on X can be identified with a triple (E 1 We denote the isomorphism class of triple (E 1 ,
. Similar definitions hold for triples in other direction. In fact in [8, Lemma 2.3] , an equivalence is shown between the category of torsion-free sheaves and the category of triples.
Let E be a torsion-free sheaf on X identified by the triple (E 1 ,
← − S ). Then we have the following equality of Euler characteristics between them (see [8] 
where
and
Let a = (a 1 , a 2 ) be a polarization on X with a i > 0 rational numbers and a 1 + a 2 = 1. For every non-zero triple (E 1 ,
.
(Similar definitions can be given for the triple (E 
The second component M 21 also has a similar description in terms of triples. It is a smooth projective variety which is a fine moduli space consisting of isomorphism classes of stable
's are rank 2 vector bundles over X i 's, and
(2.5)
Form now on, we fix an odd integer χ and a polarization a = (a 1 , a 2 ) such that a 1 χ is not an integer. The intersection subvariety N is given by
which can be identified with
Further N can be described as a product N 1 × N 2 , where N 1 and N 2 are rank 2 parabolic moduli spaces over X 1 and X 2 with Euler characteristics χ 1 and χ 2 respectively satisfying the inequalities (2.4), having full flag and parabolic weights (a 1 /2, a 2 /2). In characteristic 0, this was proved in [8, Theorem 6 .1]. Here we will give a characteristic-free proof.
Proof. Let F i be the universal quotient sheaf on X i × R i parametrizing vector bundles with Euler characteristic χ i , where R i is the quot scheme parametrizing locally free quotients satisfying certain cohomological conditions (see [8, Theorem 5.3] for details). Let
where p i 's are projections from R 1 × R 2 to R i 's. Consider the projective bundle P(F * 1 ). The fibre over any closed point (q 1 , q 2 ) parametrizes all surjective 1-dimensional quotients {F 1 (q 1 ) → W (q 1 )}. Similarly, for the projective bundle P(F 2 ), the fiber over any closed point (q 1 , q 2 ) parametrizes all 1 dimensional subspaces {V (q 2 ) ⊂ F 2 (q 2 )}. Let P(F *
)
ss (resp. P(F 2 ) ss ) denote the set of closed points of P(F * 1 ) (resp. P(F 2 )) such that corresponding parabolic bundle on X 1 (resp. on X 2 ) is parabolic semi-stable (= parabolic stable) 1 with respect to parabolic weights (
). Let ((F 1 (q 1 ) → W (q 1 ) , V (q 2 ) ⊂ F 2 (q 2 )) be a point in P(F *
ss ×P(F 2 ) ss and λ : W (q 1 ) ≃ V (q 2 ) be an isomorphism. By composing λ with the quotient F 1 (q 1 ) → W (q 1 ), we get a rank 1 linear map T λ from F 1 (q 1 ) → F 2 (q 2 ). This gives rise to a triple (F 1,q 1 , F 2,q 2 , − → T λ ). From the choice of parabolic weights one can easily see that F 1,q 1 and F 2,q 2 are semi-stable on X 1 and X 2 respectively and at least one of them is stable.
So by Lemma 2.3, the triple (F 1,q 1 , F 2,q 2 , − → T λ ) is semi-stable. Since there is nothing canonical in λ, we naturally get an element in P(H om (F 1 , F 2 ) ) ss . Hence we have a commutative diagram
There is a natural action of the group G = PGl (k 1 )×PGl (k 2 ) (for a suitable choice of k 1 and k 2 ) on both the domain and codomain of C and since C is G-equivariant, the morphism C descends to respective quotients. So we have the following commutative diagram
where M 1 (resp. M 2 ) is the moduli space of rank 2 stable (resp. semi-stable) vector bundles with Euler characteristic χ 1 (resp. χ 2 ) over X 1 (resp. X 2 ). It is clear that the image of C is inside N . Further there is a natural map D : N → N 1 ×N 2 which sends any semi-stable triple
The notion of fixed determinant moduli space :
← − S ) be the triples corresponding to E . Let χ i := χ(E i ) and χ 
given by 12 , and
is an isomorphism defined by
, it is reduced. Let det 12 (resp. det 21 ) be the morphism det | M 12 (resp. det | M 21 ). For notational convenience we write M 12 (ξ) (resp. M 21 (ξ)) for det
(ξ)). Then we have
and [11, Proposition 6.5] , the fixed determinant moduli space is a connected, projective scheme with exactly two smooth irreducible components M 12 (ξ) and M 21 (ξ), meeting transversally along the smooth divisor
Since χ is assumed to be an odd integer, and χ = χ 1 + χ 2 − 2, we can conclude that either χ 1 is odd or χ 2 is odd and not both (Same argument applies to χ 
for each 0 ≤ i ≤ n, and in particular
It is known that Poincaré duality does not hold for the cohomology of singular spaces (cf. [14, pp. 3-4] for examples). To remedy this, a generalization to singular spaces of the Poincaré-Lefschetz theory of intersections of homology cycles on manifolds, was introduced by Goresky and Macpherson in [12] and [13] . Their main objective was to study the intersection of cycles on an n dimensional oriented pseudomanifold.
Definition 2.6 ([13] §1.1). A topological pseudomanifold of dimension n is an ndimensional stratified paracompact Hausdorff topological space Y which admits a strati-
For a topological pseudomanifold of dimension n, they introduced a new class of groups I H p * (Y ) called the intersection homology groups. These groups depend on the choice of a perversity p which is a function from the set {2, . . . , n} to N such that p(2) = 0 and
Further, if p, q, and r are perversities such that p + q ≤ r , then there is a unique intersection pairing Moreover, if i and j are complementary dimensions (i + j = n), t is the top perversity (which is defined to be the function i → (i −2) for 2 ≤ i ≤ n) and if p and q are complementary perversities (p + q = t ) then the pairing
is a perfect pairing when tensored with rationals Q, where It is also known that these intersection homology groups I H p * (Y ) of a topological pseudomanifold Y are topological invariants . This fact is proved using the sheaf theoretic construction of the intersection complex IĊ (cf. [13, §3 and §4] ).
Another important property of intersection homology groups is their behavior under normalization. The following theorems will be very useful in §5 where we compute the intersection homology groups of the fixed determinant moduli space M(2, a, χ, ξ). • X denotes the projective reducible nodal curve with two smooth components X 1 and X 2 meeting at the nodal point p.
Theorem 2.8 ([12] §4.3). Let Y be a topologically pseudomanifold of dimension n. If Y is topologically normal then there are canonical isomorphisms I H t i (Y ) ≃ H i (Y ) and I H
• ξ = (L 1 , O X 2 ), where L 1 is an invertible sheaf on X 1 of degree 1.
• By M we mean the moduli space of rank 2, Euler-characteristic 3 − 2g , stable torsion free sheaves over X with the fixed determinant ξ.
• The moduli space
is an isomorphism class of stable triples with the respective Euler characteristics satisfying inequalities (2.4), rk (E
is an isomorphism class of stable triples with the respective Euler characteristics satisfying inequalities (2.5), rk (E
is the gr-equivalence class of semi-stable vector bundles on X 2 , rk (
•
: E 1 * is parabolic semi-stable bundle with respect to the parabolic weight (
• N 2 = {E 2 * := (E 2 , 0 ⊂ F 2 E 2 (p) ⊂ E 2 (p)) : E 2 * is parabolic semi-stable bundle with respect to the parabolic weight (
COUNTING F q RATIONAL POINTS
Throughout this section, we assume our base field to be an algebraically closed field F l , where l is a prime number. Let M be the moduli space of rank 2 stable torsion free sheaves on X with Euler characteristic χ and fixed determinant ξ as in Notation 2.3 such that a 1 χ is not an integer. By §2, M is a reduced, connected projective variety with two smooth irreducible components M 12 and M 21 intersecting transversally on a smooth projective variety N . Hence without loss of generality, we can assume both X and M are defined over a finite field extension F q of F l .
In this section, we are interested in computing F q -rational points of M 12 and M 21 respectively. We will explicitly compute it for the component M 12 , the computation for other component follows similarly. Now we consider the following morphism-
which sends the equivalence class of triple [E 1 ,
By Lemma 2.3 and Remark 2.4, Φ is well defined and surjective. A priori, Φ is defined over F l but without loss of generality, we can assume that it is defined over F q . We have the following stratification on
where M s 2 is the stable locus of vector bundles over X 2 with fixed determinant O X 2 , K is the Kummer variety associated to the Jacobian J 2 of X 2 which can be identified with the isomorphism classes of vector bundles of the form (L ⊕ L −1 ) where L is a line bundle of degree 0 over X 2 ,
Since K is a projective variety, without loss of generality we can assume K is defined over F q . It is also known that K 0 is a finite set having 2 2g 2 points. Now since 
Then it is clear that
where M L (2, 1) is the moduli space of stable bundles of rank 2 and degree 1 with determinant L.
Lemma 3.1.
As E 2 is stable, gr (E 2 ) = E 2 . Since E 1 is also stable, Aut (E 1 ) and Aut (E 2 ) will just be non-zero scalars. We have 
Hence we have
T , where λ ∈ Aut (E 1 ) and µ ∈ Aut (E 2 ).
Conversely if two triples (E
where λ is a nonzero scalar, then again by the following commutative diagram 
Now using equation (3.10) in the equation (3.12), we get the equation (3.11) . This proves the Lemma.
Computation of N q
Our aim is to find out the fiber φ
Every such E 2 can be given as an extension
where the extension (3.13) and the line bundles L and L −1 are defined over F q (which is same as F l ).
We know that (K − K 0 ) = A ⊔ B, where A and B are as defined in the equations (3.4) and (3.5) respectively. Therefore
We now compute the expressions for N q (φ
Lemma 3.2.
Proof. Suppose E 2 is a vector bundle on X 2 defined over
Then the extension (3.13) that corresponds to E 2 either splits or does not split. We now analyze the fibers in both the cases separately.
Case (i): If the extension (3.13) splits
and (E 1 , E 2 , − → S ) belong to the same isomorphism class, then by the following commutative diagram
where λ ∈ Aut (E 1 ) and ψ ∈ Aut (E 2 ). Conversely if two triples (E 1 , 
Case (ii) :
Combining both the cases we get
which proves the Lemma.
Lemma 3.3.
Then from the arguments in [3, Remark 3.2] , the corresponding extension (3.13) splits over F q 2 (i.e., L and L −1 are defined over
. By the following commutative diagram
where λ ∈ Aut (E 1 ) and τ ∈ Aut (E 2 ). Since the group Aut (E 2 ) acts on L (E 1 (p), E 2 (p)) (where L (E 1 (p), E 2 (p)) denotes the set of all linear isomorphisms from E 1 (p) to E 2 (p)) by composition, we can conclude that two triples (E 1 , E 2 , − → T ) and (E 1 , E 2 , − → S ) are in the same isomorphism class if and only if − → T and − → S are in the same orbit under this action. So it is clear that the set of distinct isomorphism classes of triples will be in bijection with the set of all orbits under this action which can be identified with
. So the fibers over
). By [3, Lemma 3.5], we know that
This completes the Lemma. (3.15) whereK is the canonical desingularization of K .
Lemma 3.4.
Proof. Using the Lemmas 3.2 and 3.3 in the equation (3.14), we get
By [3, Remark 4.4] , it is known that
(One can see [10] for more details on K andK ). Now using (3.6), (3.7) and (3.17) in the equation (3.16), we get the equation (3.15) . This completes the Lemma.
with L 2 ≃ O X 2 . Such line bundles are 2 2g 2 in number and so, without loss of generality we can assume that L and the extensions of type (3.18) are defined over F q . We again consider two cases, the case when (3.18) splits and when it does not split.
Case (i):
If the extension (3.18) splits, then E 2 ≃ L ⊕ L. Also in this case Aut (E 2 ) ≃ GL (2, F q ) [3, Proposition 3.1(1)]. We claim that for a fixed L, (fixing a basis for E 1 (p) and
, where I 2 stands for 2×2 identity matrix, i.e., I 2 corresponds to the invertible linear transformation − → I 2 which sends the fixed basis of E 1 (p) to the fixed basis of E 2 (p).
is an isomorphism class of triples . Fix a basis {v 1 , v 2 } of E 1 (p) and a basis {w 1 , w 2 } of E 2 (p). Once the bases are fixed, − → T can be identified with an element of GL (2, F q ), call it T. Consider the following commutative diagram-
Here 1 denotes the identity element of Aut (E 1 ), and T −1 ∈ Aut (E 2 ) is the inverse of the
. So there is only one isomorphism class of triples once L is fixed. Since there are 2 2g 2 line bundles of this type,
Case (ii):
Suppose the extension (3.18) does not split. Then Aut (E 2 ) ≃ G m ×G a [3, Proposition 3.1(2)]. As earlier, each distinct isomorphism class of bundles E 2 corresponds to an isomorphism class of non-split extensions of type (3.18) and each non-split extension class corresponds to a unique element of (Ext 1 (L, L)\{0}) mod G m which is nothing but
where E 2 is given by an isomorphism class of non-split extensions of type (3.18)), corresponds to a unique element of
. Finally since K 0 has 2 2g 2 elements, Case (ii)
This implies
Lemma 3.6. By the choice of weights, it is automatic that (i) parabolic stability coincides with the semi-stability of the underlying bundle and
(ii) underlying bundle is stable implies it is parabolic stable for any quasi-parabolic structure.
Then it is known that the canonical map N 1 → M 1 (which sends a parabolic vector bundle E 1 * ∈ N 1 to the underlying bundle E 1 ∈ M 1 ) is a P 1 −fibration over M 1 , locally trivial in Zariski topology. So we have 
THE POINCARÉ POLYNOMIAL COMPUTATION
Let R be an algebraic number ring and q be a maximal ideal of R contracting to a nonzero maximal ideal pZ. The field R/q is a finite extension of Z/pZ. We denote it by F q . Let X R be a projective curve over R with two smooth components X 1,R and X 2,R intersecting transversally at a nodal point p R . Let X F q and X C be the curves obtained by base changing X R to F q and C respectively.
Fix an odd integer χ and a polarization (a 1 , a 2 ) such that a 1 χ is not an integer. Let ξ R = (L 1,R , O X 2,R ) be a line bundle on X R , where L 1,R is a line bundle of degree 1 on X 1,R . Let ξ F q and ξ C be the corresponding line bundles over X F q and X C respectively. Let M 12,R (resp. M 12,F q and M 12,C ) be the moduli space of stable torsion free sheaves with Euler characteristic χ and fixed determinant ξ R (resp. ξ F q and ξ C ), where χ = χ 1 + χ 2 − 2 and χ 1 , χ 2 satisfy inequalities (2.4). Since M 12,R itself is a fine moduli space (cf. §2), by the base change property M 12,R × Spec(F q ) ≃ M 12,F q and M 12,R × Spec(C) ≃ M 12,C . Similar description holds for M 21,R also. For notational convenience, from now on we drop the subscripts F q and C and write M 12 (resp. M 21 ). Subscripts will be understood from the context. Now we recall few generalities which are used in computing Poincaré polynomial using Weil conjectures. Let Y R be a smooth projective variety of dimension n defined over an algebraic number ring R and Y C (resp. Y) be a smooth projective variety obtained from Y R by base changing to C (resp. F q ). Following Weil, we define the ze t a function of Y as
It is clear that Z (Y , t ) is a formal power series with rational coefficients. Now the Weil Conjectures state that Z (Y , t ) can be written in the form
where P 0 (t ) = (1 − t ); P 2n (t ) = (1 − q n t ); and for each 1 ≤ i ≤ (2n − 1), P i (t ) is a polynomial with integer coefficients, which can be written as We recall the following lemma of Kirwan which is the main tool in the computation of the Poincaré Polynomial of M 12 - Multiplying both sides of the equation (3.24) by q −dim (M 12 ) and using the fact that N q (PGL (2, F q )) = q(q 2 − 1), and N q (P 1 ) = (q + 1), and simplifying, we have
It is to be noted that all the varieties that occur in the equation ( 
where We give below the Betti numbers of the variety M 12 for some low genus curves. 
